In the paper "Families of Linear-Ouadratic Problems: Continuity properties" one-parameter (~) families of these problems with stability are investigated. In this technical note we will show that the set of invariant zeros of the £-problem is contained in the set of invariant zeros of the "boundary" problem (the problem with £ = 0) if the "boundary" system is left
Introduction
In a recent paper ([1] ) one-parameter (~) families of linear time-invariant finite dimensional systems with corresponding linear-quadratic control problems with stability ([1, Sec. II]) are introduced. Then convergence of the optimal cost for thẽ -problem (~) 0) to the optimal cost for the "boundary" problem (Le. the problem with~= 0) is established only by assuming continuity and (in a certain sense) monotonicy of the weighting matrices w.r.t.~. In addition, convergence (in distributional sense, see [1, Sec. II]) of the optimal inputs for positive~to the optimal controls for~= 0 is proven, under the assumption that for each initial condition the latter (and thus the former) are unique. In this case also convergence (in distributional sense) of the corresponding state trajectories is obtained and, moreover, the optimal outputs are proven to converge strongly ([1, Sec. IV, p. 325]). Now, it is well known that for all initial conditions the optimal inputs for the "boundary" problem exist and are unique (e.g. [1, Prop. 4.1 (ii) ]) if and only if the "boundary" system (i.e. the system with~= 0) is left invertible and there are no invariant zeros (see e.g. [1, Sec. III, p. 325]) on the imaginary axis. Indeed these assumptions are expressed in assumptions A.3 and A.4 on page 325 of [1] . Also, it is remarked there that if the intersection of the set of invariant zeros for * the "boundary" system, a (X o ), and the imaginary axis CO is empty, then in general the intersection of the set of invariant * zeros of the &-system, a (X), (& ) 0) and CO need not be emptỹ * as well. The latter condition, a (x ) n CO = 0 for small~) 0, is necessary to ensure that also in the~-problem optimal inputs exist for all initial conditions. -3 - However, in this technical note we will show that if the "boundary" system Zo is left invertible then the continuity assumption and the monotonicy assumption on the weighting * * of [1] can in fact be replaced by the much weaker assumption * " a (%0) n CO = 0 ". Basic problea foraulation and our additional results
Consider the finite-dimensional linear time-invariant systems E E. determined by the system equation
and with associated cost-functionals
Here, u(t), x(t) and yet) are all real vectors of m, nand p components and C(E.), D(E.) are assumed to be linear mappings from R n to~and~to R P , respectively, for E. lying in an interval [0, e] where e ) 0 will be specified below. The pair (A, B) is stabilizable.
For fixed E. E [0, e] the linear-quadratic problem with stability associated with (2.1) is the problem of finding the infimal value of J (x o , u) with respect to an appropriate class of E.
exists, an optimal control. The optimal cost in [1] 
Tbe Assumption A.2 may just as well be replaced by -9 -
Discussion
In [1, Remark 3.4] it is noted (by means of a counterexample) that in general there is no convergence of the optimal cost for the 6-problem without stability (i.e. with no end-point conditions) to the optimal cost for the "boundary" problem without stability. In a future paper ([5]) we will show that this is indeed the case. By starting from the assumptions A.l, (A.2) ., (A.3)' and A.4 we will prove in [5] that the limit of the optimal cost for the 6-problem without stability equals . . and it can be shown that X even is the largest real symmetric X for which r{X)~0, (. + w) c ker(K) and rank (r(X» is minimal. Also convergence results concerning inputs, states and outputs will be obtained in [5] , similar to the ones in [1, Th. 4.3] . A first contribution to the general problem of determining the limits of optimal cost, inputs, states and outputs for the 6-problem without stability sketched above is given in [4] , where the "cheap control" problem without stability is studied.
